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A NUMIIRI CAL COMPARISON Bhi1l ~i :I .N TWO UNCONST RA IN ED
VARIAT iONAL FORNtJLATIONS

ABSTRACT. In an effort to relieve the often cumbersome burden of
r:eeting the requirements on the end condit ions and to unify the s o l u t i on
for::tit tat ion for boundary— and m i t  i a 1 — v ~1 lue  p r o b l e m s , t i l i c o t i s t  r.I i i t ’ ll
variational statements have been introduced in c o n j u i i~~t i o i i  4 * i t h  some
approximate methods. In the case of a boundary value p r o b l e m , i t  i s
shown in this paper that two different v a r i a t i on a l  s t a t e m e n t s  can t o
established : one is arrived at by the use of the Lagrange niil tip l iers ,
t h e  ot h e r  by energy considerations. The n u m e r i c a l  c o n v e r g l - n ~~e’ of t h e
s o l u t i o n s  a s s oc i a t e d  w i t h  finite e l e m e n t  schemes u s in g  one of t h e se  two
different variational statements is compared w i t h  t h a t  of t h e  o t h e r .  In P

the case of an initial value problem , both formulations c.tn ag a i n  be
established when the adjoint field variable and the adjoint variational
statement are introduced . The numerical data presented here indicate
that while both methods generate excellent convergent results for the
boundary value problem , the method of stiff springs yields results whi ch
show much better convergence for the initial valu e’ problem than those
achieved by Lagrange multi pliers.

1. INTRODIJC’l’ION. In conjunction with variational methods of nnthe-
mnatica l physics , it is often burdensome to select trial f u n c t i o n s  which
are required to satisfy some or all of the end conditions (see, for
example , reference [1]). Efforts thus have been made to relieve such
requirements on these trial functions. Courant and h u b e r t  have pointed
out that in conjunction with boundary value problems , this can always IR’

done by adding extra boundary terms in the variational statement [2].
Such a concept has been applied successfully by IVu in obtaining solut i ons
to nonconservative stability problems [3]. Wu has further extended the
application to the solutions of initial v a l u e  problems [4]. Sim lJn s
also developed unconstrained variational statements for initial and
boundary value problems [5]. The approaches used by Wit and Simkins are
dif ferent in that while Wu , after Courant and Iii ihert , cr~p l oy e d  t h e
concept of a very large constant (very stiff spring constant), Simkins
used the method of Lagrange multipliers . For any given problem , the
variational statements arrived at by the two approaches are different
in boundary terms. The purpose of this paper is to compare the numer-
ical convergence of them in term s of some simple , but specific , examples.
Both boundary and initial value prob l ems are considered .

1
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I I .  UNC ONSTRAIN E D VARIATIONAL STATEME NTS FOR A BOUNDARY VALIJI :
F’ RO BLFM .  Let us f i r s t  cons ider  the t ransverse  v ib r a t i ons  of an I t i l e r -
~e r n o t i t l l  beam under a x i a l  load . The d i f f e r e n t i a l  equat ion in nondilsen-
s io n a1 i~ ed form can be w r i t t e n  as [ I ] :

• Qy ” + A 2y 0 (2 - 1)

i-.here y = y(x) j s  the  t r ansverse  d isplacement  of the bean , as a f u n c t i o n
of the v a r i a b l e  x a long the column ’s length (0<x< 1) .  The axia l  force is
denoted by Q; A is the ei genvalue and a prime ( ‘T denotes a d i f f e r e n t i a t i o n
with respect  to x.  The problem is not defined comple te ly ,  of course ,
..ithout appropriate boundary conditions. Consider the following given
c o n d i t i o n s :

y(O) = y ’(O) = 0 (2-2a ,2b)

y” ( l )  = y” (1) + Qy ’ (1) = 0 (2-2c ,2d)

Eqs. (2-1)  and (2-2)  def ine  the fami l i a r  buck l ing  problem of an Fitler
column . I t  can be solved by methods of approximation in con junc t ion  w i t h
a variational statement .

= 0 (2-3a)

where

= I J [(y”)2 - Q(y ’) 2 + A 2 y 2 J dx (2-3b)

Through in tegra t ions-by-par t s, Eqs. (2-3) leads d i rec t ly  the f o l l o w i n g

1
= f (y” + Qy” + A 2 y) tS ydx

0

+ y ” ( l) 6y ’( l)  — y” ( O ) 6y ’( O)

— [y ” (1) + Qy ’ (l)]~y(l) + [y”’ (0) + Qy ’ (O) ] 5y(O) ( 2 — 4 ~ 
- ‘

Eq. (2-4) indicates that ~~~ = 0 is equivalent  to the differential equa-
tion (2-1) and the last two of the b .c. Eq. (2-2c ,2d) provided that the
var iations dy(l) and 6’(l) are chosen arbitrarily (thus causing their
coefficients to vanish) and that 6y(0) and 6y’(O) vanish identically.
Thus , iSI~ 0 can be used as a basis of approximate solution if trial
functions are chosen which identically satisfy (2-2a) and (2-2b). Since
(2-2a,2b) mus t be “imposed” they are called “imposed boundary con d i t i o n s ” .

-I
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7

I lie choice of t r i a l  f un ct  ions i s  o t h e r w i se  ar b i  t rary and co i l v i ’  I~l : I - n l  ~
.

when ac}u ey ed , will tend ‘n a t u r a l  lv ’ t o w a r d a s o l ut  ion  s a t  i s f .- ing (2 - - .~c)
and ( 2 -  2 d) w h i c h  are c a l l e d  the  ‘n a t u r a l  boundary  cond i t  i uns ’ of t h e
p r o b l e m .  The imposed c o n d i t i o n s  on the  t r i a l  f u n c t i o n s are o f t e n  I- u i den-
some ’ in the pr ocess  of o b t a i n i n g  appr ox  I ~ i t e  so h i t  i on s [ 1)  . In  t h i s
p a r e r , two di fferen t m et  hods are  compared which r t - : - ~u\  e t hose c n - r~ t u
on t h e  t r i a l  f u nc t i o n s .

The f t  rst approach i s  ~~f l  extension of t h e  ~~‘t hod of t he  I :i~~r i f l ~ o
m u l t i p l i e r s  in c l a s s i c a l  m e c h a n i c s . Suppose one d e s i r e s  t o  u n c o n s t r a i n
the boundary condition (2—2a) y(O) = 0. The m o d i f i e d  v a r i a t  i i o i a l  s t a t e -
-~‘nt sli~i1 1 t .d~e t he  form of

6 1 1 0

I l = 1~ + u y ( 0 )

in  ( 2 -5b)  is given by ( 2 — 3 b )  . E q s .  (2—5) then l ’i -~~’:’~’

6I~ = 0 = 61 + ci6y(O) = v ( O ) ~~i (2 - - t

= f (f” • Qy ” + A 2 y ) ä y dx
0

+ y ” ( l ) ó y ’ (1) - y”(O) Oy ’ (0) + y(O)~~

— [> “‘ (1 ) + Qy ’ (l)]Oy(l) + [v ’” (
~

) + Qy ’ (0) + a } 6 y( O )  ( 2 — u ’)

It is clear from Eq. (2-6b) that if one defines

= — [y”’ (0) Qy ’ (0)1 (2-~~i~

thus

= - [ôy ” (0) + QOy ’ ( 0 ) )  ( - Th~

- ( f l at  ion ( 2 -  ot ’~ becomes
1

Oi l = 0 f (Y” + Qy” + X 2 y ) Oydx
0

+ y” ( l ) O y ( l )  — [y”(O) + Qy(0)]iSy ’ (0) — y ( 0 ) O y ”t (0)

- [y” (1) + Qy ’ ( l ) ] O y ( I )  ( - S ~

- 
--

— 1 , _ _  k



Thus , w i t h  a g iven in (2-7a) and I~ in (2-5b) the va r i a t i ona l  s ta tement
61 = 0 is equivalent  to the given a i f f e r e nt i a l  equation and the b o u n d a r y
cond i t ions  (2 -2a ) , (2-2c)  and (2 -2d) .  Only (2-2b)  is imposed on the set
of t r i a l  funct ions.  This last constraint  condit ion can also be removed
by the sane process used above. The comple te ly  unconst ra ined v a r i a t i o n a l
s ta tement  through the means of the Lagrange m u l t i p l i e r s  is the f o l l o w i n g :

61 = 0 (2- ~l a )

w i t h
1

= 1. f ~~~~~~~~~~ 
— Q(y ’) 2 + A 2 y 2 ) dx

2 o
— y ( 0 ) y ” (0) + y ’ (O)y ” ( O )  ( 2 - 9 h )

Since then
1

61 — 0 = J (y” + Qy” + A 2y)Oydx
0

+ y”(l)Oy ’(l) — [y” (1) + Qy ’ ( 1) ] 6y ( l )

— Y(O ) 6Y” (0) • y ’ (0) [ 8y ”(0) + QOy(0)) (2-9c)

It is clear from Eq. (2-9c) that a l l  the boundary condi t ions  of Eq. (2 -2)
are natural if the variational statement of (2-ga) and (2-9b) is used.

The second approach to remove the imposed conditions may be referred
to as “the method of infinitely stiff springs”. The functional I~ in
Eqs. (2-3) can be identified with the nondimensionalized energy stored in
the beam . If the beam is considered to be supported by two springs at
x = 0, one reacting to deflection and the other to rotation , the energy
stored in these springs can be included in the total energy of the system .
Thus cons ider

61 = 0 (2-ifla)

where

i 10 + 
f 

k 1[y(O) ] 2 + 
f 

k2[y’(0)] 2

1! j [(yO)2 - Q(y t ) 2 + A 2y2 ]dx
2 0

+ A. k1 [y (0)]2 + A. k 2 [y ’(0) ]~ ( 2 - l O b )

4
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where k 1 and K-,  ar e  t h e  n o n d i m - m - i o n a l i z e d  s p r i n g  c o n s t a n t s  for  do~~h ’~ ion
and rotation respectively at x = 0. Now since

6! 0

= 5 ().“ + Qy” + A 2y) Oyd x
0

+ y”(l)Oy ’ (1) - [y (O)  - K 2> (O) ] o y ’ (0)

— [y” (1) + Qy ’ ( l ) ] O y ( l )  + [y” (0) + Qy ’(O) + k 1 y ( O ) ] 6 y ( O )  ( 2 - l i )

The ~a t i i r a 1 boundary  c o n d i t i o n s are

y” (0) + Qy ’ (0) + k 1y ( O )  = 0 , y”( O) - L,v ’ (0) = 0

~2 - l 2 a , 12 h)

y”(l) = 0 , y” ( 1) + Qy’( l )  = 0 (2-12c ,12J )

It is clear that Eqs. (2-12) reduce to (2-2) if K 1 and k-~ h e c c m o i n f i n i t & - l
large . Hence , the v ariational s t a t e m e n t  (2-10) can serve as a b a s i s  of
an approxima te solution formulation for the problem defined by E q s .  (2 -1 )
and (2-2) if K 1 and k~ are taken to be very large cO~(~) i r e d  with u n i t  i n
a c t u a l  co~~pu t a t io n s .

I I I .  UNCONSTRAINED VARIAT I ONAL STATEMENT S FOR AN I N I T I A L  VALUE
PROBLEM. In the case of initial value problems , similar procedures can
be used to free the initial conditions imposed on the trial functions .
Exa mples have been g iven in two previous papers [4,5). Since initial
value problems are nonseif adjoint by nature , adjoint field variables
- -us t  be introduced to form variational statements which provide the basis
for approximate solutions . In this section Lagrange multiplier formu-
lations will be compared with those using the method of infinitel y stiff
springs - each method being used to relax the requirement that trial
functions satisfy identically the imposed conditions arising from an
initial value problem. Forced motions of a spring-mass system is used
for illustration . The differential equation for such a system can be
written as

y + u2v f(t) (-s-fl

where y y(t) is a function of the time t and a dot (‘) denotes differ-
entiation with respect to t. The constant = k/rn where k is the spring
constant and m , the mass. The initial conditions are :

y(0) = a , ~‘(0) = b (3-2a ,2b)

S
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~o generality is lost if , in establishing the c o r r e s p o n d i n g  v a i I~i t  i o n :i h
-~tjtt ’:~eiit s, one considers o n l y  a homogeneous system . He nce we ct ”O-
t h e  d i f f e r e n t i a l  equat ion :

+ o2 y — 0 (~~- l ’ )

c:.! i n i t i a l  c o n d i t i o n

y ( O)  = 0 , y(0) — 0 (~~~- ‘‘ :i , 2 ’ ? )

rhe fact that the system of Eqs. (3-I’) and (3—2’) leads to a triv ia l
sol: :t  ion only is not of concern here.

Let z = z.(t) be the adjoint field variable . First , the ~a r l.iti ~ :ri 1
-- atement obtained by the use of Lagrange multi p liers is v e r i f i e d  t o  t c :

= 0 (3 - i~

~~~~ re
1 1

= - 5 ‘idt + u2 J y zdt ( 3 - h )  ii
0 0

+ ~(1)z(1) — y(O)i(O)

l~~s. (3-3) lead to

6l
~ 

0
1 ..

= (y + ia2 y ) 3 z d t  + ‘(0)6:(O) - y ( O ) 5~~~(O)

1 ..
+ 5 (Z + ui2z)Oyd t — i ( 1) O y ( l )  + z ( 1) 6 ’ ( 1)  

~~~ ~~~

0

Eq. (3-4) states that 61~ 0 is equivalent to the problem of I qs. (~ -l’)
and ~3-2’ ) and the adjoint problem defined by

+ ~~~ o
and

z(l) — 0 , i( 1)  0 ( 3 - (~a,tih)

In as much as the var ia t ion s of the f i e ld  v a r i a b l e  Oy,  6: , e t c .  ;;~~ i’ quite
arb i t ra ry  and Oy is quite independent of 6: , one can t a k e  iSy 0 , ~c v ( i )  I :

0 and 6~~ I)  = 0. Hence the association of the problem of (3-1’~ and
(3-2’) with the variational statement Eqs. (3-3) is establishe d .

t)
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Now for the inhornogeneous system of Eqs. (3-1) and (3-2), one may
s i m i l a r l y  ver i fy  the corresponding va r i a t ions  statement :

61 i 0 (3-7a)

where
1 1

1 1 (y, z) = — / $~idt + f [~i2y — f ( t ) ]zd t
0 0

- 
+ ç ’( l ) z ( l )  — [y(0) - a)~~(0) - bz(0) (3-7b)

On the other hand , when the “infinitely stiff spring ” approach is used
to t reat  the homogeneous case , the variational statement takes the
fol lowing form [4):

6! 0 (3-8a)

where
1 1

I = - f ‘idt + w2f yzdt + ky(O)z(l) (3-8b)
0 0

Eqs. (3-8) result in

6! 0
1

= f (y + w2y)&zdt + ‘(0 )6z(O)  + [ k y ( 0)  -

0
1 ..

+ 5 (z + w2 z)óydt  - i( 1)6y( 1)  + [kz(1) + i(0)]iSy(O) (3-9)
0

The differential equations for the problem and for the adjoint problem
are unchanged. The end condition for the original and the adjoint prob-
lem are

= 0 , ky(0) - ‘(l) = 0 (3-ifla ,iOh)

and

~(1) = 0 • kz(1) + i(0) = 0 (3—lla ,l lb)

respectively, Eqs. (3-10) and (3-Il) reduce to (3-2’) and (3-6) respec-
tively as k becomes infinitely large.
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From Eqs. (3—8), ex tension to a varia t ional statemen t is eas i l y  made
for the inhomogeneous case of Eqs. (3-1) and (3-2):

61 i = 0 (~~- l2 a )

where
1 1

= - 5 yzdt + 5 [ w2y - f ( t ) ] z d t
0 0

+ ky ( 0 ) z ( l )  — kaz(1)  — bz(O) (3- 12b)

IV. NUMERICAL COMPARISONS. In th i s  section , the two method s for -:
the uncons t ra in ing  of the coordinate ( t r i a l )  funct ions  described in the
previous section wi l l  be compared numerically.  The approximate  solu-
t ions  are formulated through the f in i te  element d i sc re t i za t ions .

I V . A .  Boundary Value Problem. The example g iven in Section II
sha l l  be used. ‘Fhe set~~ f Eqs, [Z- 1) and (2-2) const i tu te  an ci~ en-
value problem. Using the method of Lagrange multipliers , the assoc iated
va r i a t iona l  statement is g iven in Eqs. (2-9) which can also be w r i t t e n
as

1
61 = 0 = 5 (y ”6y ” — Qy’6y ’ + A 2y óy)dx

-~ 0

- y(0) óy ” (0) - y” (0)ây(0)

+ y ’ (0)6y ”(O) + y”(0)6y ’(0) (4-1)

In applying the standard f in i te  element ~ - scret ization the beam is
d i v i d e d  into K equal elements. Denoting the local coordinate by t ,
one has, for the m-th element :

= ~ (m) 
= - m + 1 (.1- a)

dF = Kdx (4 -2 h )

- - Thus , in terms of local variables , Eq. (4-1) becomes

6! = 0 = ~ / [ K 3y (m) ’oy (m) 
— QK).(m)’

6Y(m) ’ 
+ 1.. ~~~~~~~~~~~~

m 1  0 K

(1) (1)” (1)”
- K 3y (O)6y (0) - K 3y (0) 6y(O)

+ K~y~’~
’ (O)6y~

1
~
”(0) + K~y (1)” (0) 6y (

~~
’ (0) ( 4— 3~)

8
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-~ a” (0).i(0) 12 (1 0 0 0] 12 0 0 0

6 6 0 0 0
(4-Si )

-12 -12 0 0 0

6 6 0 0 0

= &‘( O) a ’ (O) = -b (0 1 0 0] - 0 -6 0

-4 0 - 4 0 0

6 0 6 0 0

-2 0 - 2 0 0

~~~ Lq. (4-7 ) can be assembled into  a global  m a t r i x  equa t ion

61 - 6y T [K + A 2M ]Y = 0 ($~~ t))

where

= ~~ (2) 
~ 

~
3

(K) 
~~~~~~

The det a i  is of o b t a i n i n g  the g loba l  m at r i ce s  K and H have been g iven
el sewhere [1] and will not be repeated here .

Since 6Y in (4-9)  is unconstrained , the equation reduces to

(K + 0 (4- il)

which will be solved for the ei genvalues A 2.

When the method of infinitely stiff springs is used , the variat i~-’nal
.
~t . i t e m e n t  is giv en by Eqs. (2—10) , which c.in also he w r i t ten  as

1
61 0 / (y”6y” - Qy ’6y ’ + A ’y6y)dx

0

+ k
1
y( 0 )6y (0 )  + k.,y’(0)6y’(0) (4-1 a)

— 
~ J ( K 3y (m)

6y
(m) 

— QKy (m) 6y
(m) 

+ ~~~

rn-i 0 K

+ k 1y~
1
~~( O) 6 y~

1
~~(0) + ~~~~~~~~~~~~~~~~~~~ (4—l. ’b)

- - - - - 
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~ ~~~
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Or , K 
,. A 2

61 — 0 — ~ 6y e m i (K 3c - QKB + — A)y (m)
in— i - - — K -

.4 ~~~~~~~~~~ + k,K~B~ ]Y (’)
— - . — (4-13)

wheic
B = a(O)aT(O) = ~ 0~ 0 0

0 0 0 0
( 4 —  14a)

0 0 0 0

0 0 0 0

B4 = a ’ (O)a ’T (O) = 0 0 0 0

0 1 0 0
(4-14b)

0 0 0 0

0 0 0 0

As before , Eq. (4-13) can be assembled in to  a g loba l  equat ion

61 = 0 = 6Y1(K + A 2 M)Y (4-15)

so tha t  the eigenvaiue A 2 can be solved fr om

(K + A 2M)Y = 0 (4-16)

Numerical data for the vibration frequencies of a cantilevered
column are given in Tables I and II for both the method of l.agrange
multi pliers and the method of infinitely stiff springs. As shown in
these Table s, both methods display excellent convergence.

In the case of the stiff spring method , Tables I and II also
indicate that the greater values of k1 and k~ ma not give more’ ,Iccti rat i-
results , although all the results are good when K 1 and K-, are s u f f i c i e n t l y
large. This point is further demonstrated by the comput~ tions shown
in Table III. Since greater values of k1 and k2 mean that the prescribed
end conditions are more accurately satisfied , Table III suggests that
forcing the solution to greater accuracy at one point may cause a decline
in overall acceptability of the results as evidenced by the d e c l i n i n g
accuracy of the ei genvalue. This sane conclusion was f i r s t  presented
in [1].
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IV .B.  An Initial Value rroh l em . For our numerical (-ompar~ sons in
the case of .in T~itial vaTii~~prob1em , we shall consider the one def ine d
by:

• Ky f 0cos wf t . O < t < T ( 4 - 1 7

y(O) = a , y ( O )  b ( 4 - l S a , 18 h )

The specific values of the  con s tant s  m , K , fo , Wf ,  a , b and T wil l be
g iven later.  The upper l i m i t  of the t ime  i n t e rva l  I can take  any
pos i t ive  value other than i n f i n i t y.  Before one applies the variational
formulation given in Section II!, it will be convenient to normali :e the
time variable t with respect to 1. Thus let

-t t/T , t = It , dt = TdT (4-19)

y(t) y( -r ) . 4�:. , = i_ 4.i (4 .~‘))
dt T dr dt2 12 d-r 2

Also define

- - 
f0T

2

= uT , f m

- - - (4-21)
UfT , a = a , b - bT

With these new parameters , Eqs. (4-17) and (4-18) he-come

D.E. ~~—~~ - + ~2 . = ~~ C O S( L I
f

T) , O<-t< l (4-2.~)

LC. y(O) a • y(O) b (4-23a ,.~3b)

Now we are ready to apply the formulations given in Section 111 . We
shall first consider the solution formulat ion by the method of Lagrange
m u l t i p l ie rs .  Comparing Eqs . (4 - 2 2 )  and (4—23) with (3-1) and (3-2),
one observes that the variati ona l st ateme nt follows that of Fqs. (3- ) -
Or ,

0 (4- 4a)

where 1 . . 1
I = — J y dr  • f (w 2 y — f CO S ( wf l ) ] :  dt

0 0

+ y ( l ) z ( l )  — y(0)z(0) + a z(0)  - b (0) (4-24b)

—— -~~~ - —— - — — —~~~~ — -- — - - -—~~~~~~-- -- ~~ — — —— - -  .-—  ——



Since óy and 6z are quite independent of each other , one can set 6y
0 in Eqs. (4-24) and obtain

I I
(61) — - f y6zdt + J w2y6~dt - f f cos(w~-r)d:dióy-0 0 0 0

• ~ ( l ) 6~~( l )  - y(0)6~(0) + a6z(0) - b6i(0) - 0 (4- .’S)

The same process of finite element discretizat ion used for the boundar’.-
va lue problem in the previous subsec t ion can be employed here . The ~;a~ e
shape functions and genera1i~ ed coordinates are also used . In terms of
the element variables , ~ , def ined before , except now that

kr — rn + 1 ( 4 -  . c )

etc., Eq. (4-2S~ becomes:

K 1 1 2 1
(61) 0 z 6~

(rn) ( —xf a’a’Td~ + 
~~ 

f ~~~~~~~~~óy— O rn— i 0 - - 
~‘ 0

(K)T I q’.I T
+ 6z~ ‘ Ka(1)a’ (l)Y’ ‘ - 6:’- ‘ Ka’(O)a (0)Y

- ~ (m)~ ~ ~
1 
cos[ 

~~~~~ 
(
~ 

+ m - l)]a d~rn-i K 0 K

i-p T-.
+ óz ’- ‘ aKa’(O) - óz ’- ‘ ba(0)

Or ,

m= l 
6z~~

’
~~[-KB + 

~~2 
A]Y(m) ~~~~~~~~~~~ - 

( 1) T (j )

K
— ~~ 6~ (rn) 

-~~ F(m) + 6:(1) [ka ’(O) — ha(0)1 = ~-1 ‘S )
m=1 K =  - - -

where A , B have been defined in Eqs. (4-Sa) and

B5 = a (1) a ’T ( l )  0 (0 0 0 11 0 (1 0 0

0 0 0 0 0

1 0 0 0 1

lt- 
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86 = a ’ (O)a T (O) 0 [1 0 0 0] 0 0 0 0 (4-29b)

1 1 0 0 0

0 0 0 0 0

0 0 0 0 ~

F’ -‘ = J cos[ — (~ 
+ m — l)a d~ (4-29c)

— 0 K -

In terms of global general ized coordinates Y and Z def ined by

~~~(l) ~~(l) ~~(l) ~~(l) ~~(2) ~~(2) ~~(K) ~~(K)1 (4-30a)

and

T 
— 

(1) (1) (1) [1) (2) (2) (K) (K) 
~z — [Z~ Z 2 Z 3 Z 4 Z 3 Z 4 Z 3 Z 4 ] C -30b)

Eq. (4-28) can be assembled as before into the matrix equation

6ZT [KY — F] = 0 (4-31)

Or, since 6Z is not constrained in any way,

K Y = F  (4-32)

which can be solved for Y.

When the method of infinitely stiff springs is used , the var iational
statement must be modified according to Eqs. (3-12). Thus, the finite
element discretization begins with

(6!) 0
óy=0

1 ..  1
= - J y6~ dr + J [~~ y - ~ cos (~f~r))i dT

0 0

+ ky(0 )z ( l)  — kaz(1) - ~z(0) (4-33)
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I en Ce ,

j1 ~~(m)T~~~
1
I 

a 1 3 I TdC + 

~~ 
f • I~~~ y (m)

+ kó~~~~
T
a ( l ) a T(O) y ( 1) 1-

K T 1
- I 6Z (

~
) 

-
~~ 

f C O S [  
~~~~~ 

(~ • m - 1)]a d~m 1  K~~~ -

Or , 

- k6z U~
) 

-

~ 67(m) [-K B + -f±L_ A j y (m ) 
+ 62(k) kB7Y~

1
~m 1  - - K -

K tm~T f ~~ (K)T —- 
~ 6z’ / — F~ ‘ - 62’ / k aa( 1) - 6Z’- ‘ ba(0) (4-35) 

- -m=1 - K _  
- - - -

where A , B, F (m) have all been defined before and

B7 = a(l)aT(0) 0 [1 0 0 0] 0 0 0 0 (4 -56 )

0 0 0 0 0

1 1 0 0 0

0 0 0 0 0

Now, as with Eq. (4-28), here Eq. (4- 35) can be assembled in a globalequation in the form of Eqs. (4-31) and (4-32) and be solved .

The specif ic  problem considered i s as follows:

my + k~ fo C O S( L I
f t )  , O<t< T

w ith

y(0) = y0 and ~-( 0)  =

The numerical values of the parameters are :

m = 1.0, k = 1 0, f0 1.0, w~ = 0.5

yo = 1.0, y1 = 1.0

lb



~~ : -  ~ot  t o r  t~~~- t I j i  fu ~i L t  I on t 0 c o s ( . - 1- t )  n i d  t h e  e x a c t  soiut~~un
v ( t ) i s ,~huw-n in  F i g u r e  1 . The m imi - ri c- a I so I m i t  i o n s  of t ho 1lrohI em
u~ ing  bo th  t h e  r o t  hod of I.~~:range ma lt i p i i c- r t; and the met hod of t i

-- p r i n g s ~~m re g i v e n  i n  Ta1’le~ IV thr oug h IX .

Fihles IV through VI show the sti if sp r i n g  c-th ud g ent -r i! ~~~‘-

t xe&- ii ent coni’ & - r g e z m t  rc-su Its for  v i  i - i ous I - an t  h s  of n t  t -  zv :m I s of

~- L )  lot oh -

rhe results using the met hod of lagrange mu it i; i i i -  r s  a re  - -h~ wn
in Tables VII throug h IX . Table VII shows that for --odt- rmtel v Ion~:
m u :  - r i - m 1 s • the conve-rgt-ncc it  ‘ he i i  it jul p o i n t  i S n- )n— ~-~ i st - nt
a l t houg h it improves rc :-ark:mbi v usa from the i n i t i a l  poi~.t . f l i t s  

- 
-

Jut a :: uv lead one to doubt wh e t  her  t he f lc’! hod of I ;m m- r imn ~ t- ~u It p 1 i s
works at all in treat in g  1 - v - p i- oh I ems • However , s~i - u t he I e- :~~~ t Ii of
th e interval of solution is reduced , as show-n in Tables VIII and IX , ~t

~s c l e ar  that the results do converge. Hence , both nt- th ud s -nc - ra te
I u~~~c-nt results . The length of interval used in the Lag ran ge

~n 1t iy  iers ap p r o a c h  i s  so sma ll eurpared with the st ift spring - c-t h od
or j-a rable c c h l v c - r g e n c e  that the pract ical value of t h e  fo rmer  i s

doubtfu l in :reating m i t  j u l value pi-oblems when f i n i t e  c l e r i c -n t
di scm - ct i ~at  ion is employed . Simk ins [4] has shown , h o w e v e r , that she- n
g lobal .ipproxinat ing furiC t ion s  are employed , ( con s i  St ing  of hi gher

~rdered ~- o 1 v n o i - i i a 1s) , ve ry  good r i - - o m i t s  can be a c h i e v e d  over an
a c c ep t  ab l e  i n t e rv a l  of s olu t i o n .

V . CONCLUS IONS. From the mont-ri c.il data presented in this paper ,
the following Conclusion s are suggested:

1. Both the method of Lagrange mul tipliers and the method of
stiff springs generate convergent results .

2 .  In the case of boundary value problem s , both i~- th ods g ive c-xcc -i lei t
results and equally fast convergence. The method of stiff springs
appears to be easier to use and more genera l in a 1~racti cal sense.

3. For i n i t i a l  probl ems d i s cr e t i :e d  by f i n i t e  elements (pie cewise
cont  i inlous third order polynomials) , convergence  of the Lagrange m o l t  i —

~Iicr method , as compared to the method of stiff sp r i n g s , i s  so i n f e r -
m ar as to ~~ of d u b i ou s  pruc-t i cal vu I t i e  - (This st  -it o r t  does not ~~~~ 1 y -
h o w e v e r , wh e r e  a g loba l  ~I ~ sc ret i zui t ion is emp loyed u s i n g  h ig her  ordered
(e.g. 8th order [4]) polynomials continuous over the entire domain of
integration.)
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